Introduction {#Sec1}
============

Counting problems are not only mathematically interesting, but they arise in many applications. For example, if we want to know the probability that a formula in propositional calculus is true, or the probability that a graph remains connected given a probability of failure of an edge, we have to count to approximate such probabilities.

Regarding hard counting problems, the computation of the number of independent sets of a graph has been a key for determining the frontier between efficient counting and intractable counting procedures. Vadhan \[[@CR8]\] showed that counting the number of independent sets in graphs of maximum degree 4 is \#P-complete. Greenhill \[[@CR3]\] refined the previous result showing that counting the number of independent sets on graphs of degree 3 is also \#P-complete.

Following the line of exact algorithms, Dahllöf \[[@CR1]\] has designed a method for counting independent sets and whose exact algorithm has a worst-case upper bound of $\documentclass[12pt]{minimal}
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                \begin{document}$$O(1.3247^n), n$$\end{document}$ being the number of vertices of the input graph. While Okamoto \[[@CR5]\] has shown a linear-time algorithm for counting the number of independent sets for chordal graphs. Efficient algorithms for counting independent sets have been achieved after to capture structure relations lying in the topology of the graphs, allowing to design special mathematical patterns for counting independent set only on those topologies.

On the other hand, many combinatorial problems ask about embeddings of graphs into other objects \[[@CR4]\]. For instance, the polynomial time solvable *graph planarity* problem ask whether a given graph *G* can be embedded in the plane in such a way that no two edges intersect (except at a common endpoint). In our case, we are interested in a particular subclass of planar graphs, those graphs whose set of vertices can be arranged as incident with the outerface, this class of graphs are called outerplanar graphs. We present here, a novel algorithm for counting the number of independent sets on outerplanar graphs.

Notation {#Sec2}
========
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                \begin{document}$$G=(V,E)$$\end{document}$ be an undirected graph with vertex set *V* and set of edges *E*. Two vertices *v* and *w* are called *adjacent* if there is an edge $\documentclass[12pt]{minimal}
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                \begin{document}$$\{v,w\} \in E$$\end{document}$, connecting them. Sometimes, the shorthand notation of $\documentclass[12pt]{minimal}
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                \begin{document}$$u \; v$$\end{document}$ is used for denoting the edge $\documentclass[12pt]{minimal}
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                \begin{document}$$\{u,v\} \in E$$\end{document}$.
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                \begin{document}$$N(x) = \{y \in V: \{x,y\} \in E\}$$\end{document}$ and its *closed neighborhood* is $\documentclass[12pt]{minimal}
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                \begin{document}$$N(x) \cup \{x\}$$\end{document}$ which is denoted by *N*\[*x*\]. We denote the cardinality of a set *A*, by \|*A*\|. The degree of a vertex *x*, denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta (x)$$\end{document}$, is \|*N*(*x*)\|, and the degree of *G* is $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta (G) = max\{ \delta (x): x \in V\}$$\end{document}$. The size of the neighborhood of *x*, $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta (N(x))$$\end{document}$, is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta (N(x))=\sum _{y \in N(x)}\delta (y)$$\end{document}$. A vertex *v* is *pendant* if $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta (x) =1$$\end{document}$; and edge $\documentclass[12pt]{minimal}
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                \begin{document}$$e=\{x,y\}$$\end{document}$ is *pendant* if *x* or *y* is a pendant vertex.

A path from *v* to *w* is a sequence of edges: $\documentclass[12pt]{minimal}
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                \begin{document}$$v_0 v_1, v_1 v_2, \ldots ,v_{n-1} v_n$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$0 \le k < n$$\end{document}$. The length of the path is *n*. A simple path is a path where $\documentclass[12pt]{minimal}
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                \begin{document}$$v_0, v_1, \ldots , v_{n-1}, v_n$$\end{document}$ are all distinct. A cycle is a nonempty path such that the first and last vertices are identical, and a simple cycle is a cycle in which no vertex is repeated, except that the first and last vertices are identical. A graph *G* is acyclic if it has no cycles. $\documentclass[12pt]{minimal}
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                \begin{document}$$N_n$$\end{document}$ denote respectively, a path graph, a simple cycle, a start with one center node, the complete graph and the set of *n* nodes without any edge, all of those graphs have *n* vertices.
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                \begin{document}$$G'=(V',E')$$\end{document}$ be a subgraph of *G* if $\documentclass[12pt]{minimal}
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                \begin{document}$$V' \subseteq V$$\end{document}$ and E' contains edges $\documentclass[12pt]{minimal}
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                \begin{document}$$G'$$\end{document}$ is called the *induced graph* of *G*. A *connected component* of *G* is a maximal induced subgraph of *G*, that is, a connected component is not a proper subgraph of any other connected subgraph of *G*. Note that, in a connected component, for every pair of its vertices *x*, *y*, there is a path from *x* to *y*. If an acyclic graph is also connected, then it is called a *free tree*.
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                \begin{document}$$S \subseteq V$$\end{document}$ is an independent set in *G* if for every two vertices $\documentclass[12pt]{minimal}
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                \begin{document}$$\{v_1,v_2\} \notin E$$\end{document}$. Let *I*(*G*) denote the set of all independent sets of *G*. An independent set $\documentclass[12pt]{minimal}
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                \begin{document}$$S \in I(G)$$\end{document}$ is *maximal* if it is not a subset of any larger independent set and, it is *maximum* if it has the largest size among all independent sets in *I*(*G*). The determination of the maximum independent set has received much attention since it is a NP-complete problem.

The corresponding counting problem on independent sets, denoted by *i*(*G*), consists of counting the number of independent sets of a graph *G*. *i*(*G*) is a \#P-complete problem for graphs *G* where $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta (G) \ge 3$$\end{document}$. *i*(*G*) remains \#P-complete when it is restricted to 3-regular graphs \[[@CR3]\]. There are different polynomial procedures for computing *i*(*G*) when $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta (G) \le 2$$\end{document}$ \[[@CR1], [@CR6], [@CR7]\]. In fact, all of them have linear-time complexity. In the following sections, we present exact combinatorial procedures for computing *i*(*G*) according to special patterns existing on the graphs.

Basic Graph Patterns for the Efficient Counting of Independent Sets {#Sec3}
===================================================================
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                \begin{document}$$G_i, i=1,\ldots ,k$$\end{document}$ are the connected components of *G* \[[@CR6]\], then the total time complexity for computing *i*(*G*), denoted as *T*(*i*(*G*)), is given by the maximum rule as $\documentclass[12pt]{minimal}
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                \begin{document}$$G \}$$\end{document}$. Thus, a first helpful decomposition of the graph is done via its connected components and from here on, we consider as an input graph only one connected component. We start analyzing the most simple cases for one connected component.

**Case A:**
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                \begin{document}$$P_n=G=(V,E)$$\end{document}$ be a graph consisting of a single sequence of nodes (path), i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$e_i=\{i,i+1\}, i=1, \ldots ,n-1$$\end{document}$, for each pair of sequential vertices.
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                \begin{document}$$G_{i}=(V_{i},E_{i})$$\end{document}$ is the induced graph of *G* formed by just the first *i* vertices of *V*.
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i(G_{i}) = \alpha _{i} + \beta _{i}$$\end{document}$.
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In order to process the number of independent sets on a path we will use *computing threads* or just *threads*. A computing thread is a sequence of pairs $\documentclass[12pt]{minimal}
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**Case B:**

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G=(V,E)$$\end{document}$ be a tree. Traversing *G* in depth first build a rooted tree, whose root node is any vertex $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v \in V$$\end{document}$, where *v* was the initial node for beginning the depth first search. We denote with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\alpha _{v}, \beta _{v})$$\end{document}$ the pair associated with the node *v* ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v \in G)$$\end{document}$. We compute *i*(*G*) while we are traversing by *G* in post-order.

**Algorithm Count_Ind_Sets_trees(** *G*

**Input:** *G* - a tree graph.

**Output:** The number of independent sets of *G*

**Procedure:**

Traversing *G* in post-order, and when a node $\documentclass[12pt]{minimal}
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This procedure returns the number of independent sets of *G* in time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O(n\,+\,m)$$\end{document}$ which is the necessary time for traversing *G* in post-order.Fig. 1.Counting independent sets over trees and cycles

Example 1 {#FPar1}
---------
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**Case C:**
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Observe that every independent set of *G* is an independent set of $\documentclass[12pt]{minimal}
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In the following examples, we denote with $\documentclass[12pt]{minimal}
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Theorem 1 {#FPar2}
---------

If *G* is a simple cycle with *n* vertices then the number of independent sets of *G*, expressed in terms of the Fibonacci numbers, is: $\documentclass[12pt]{minimal}
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All the above graph topologies (case A, B and C) represent basic graph patterns that can be recognized and processed to compute its number of independent sets in linear-time. We call *Linear_NI* to the linear procedure that consists of the above three cases (A, B and C). *Linear_NI* will be applied to process any acyclic graph or simple cycles that we find as part of a more complex graph. In fact, in \[[@CR2]\] a polynomial-time algorithm has been shown to compute *i*(*G*) when *G* has linear compositions of the above patterns. We can now ask if there exists a family of cyclic connected graphs whose number of independent sets can be computed efficiently, in the next section, we show some families that fulfill this requirement.

Recognition of Embedded Cycles {#Sec4}
==============================
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In order to recognize more graph patterns for the efficient computation of *i*(*G*), we present the case of the computation of *i*(*G*) for outerplanar graphs. For this case, we introduce concepts about the decomposition of a graph by its set of embedded cycles.
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Processing Outerplanar Graphs {#Sec5}
-----------------------------
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The embedding is a transitive characteristic among embedded cycles. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_i$$\end{document}$ is embedded into $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_j$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_j$$\end{document}$ is embedded into $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_k$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_i$$\end{document}$ is embedded into $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_k$$\end{document}$. On the other hand, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_i$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_j$$\end{document}$ are two independent cycles, e.g. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(E(C_i)\,\cap \,E(C_j)) = \emptyset $$\end{document}$, but there exists a cycle $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_k$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_i$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_j$$\end{document}$ are embedded into $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_k$$\end{document}$, e.g. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(V(C_i) \subset V(C_k))$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(V(C_j) \subset V(C_k))$$\end{document}$, then we say that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(C_k, C_j, C_i)$$\end{document}$ is a tuple of embedded cycles.

A maximal list of embedded cycles $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D=(C_1,C_2, \ldots ,C_k)$$\end{document}$ is a tuple of cycles such that for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i < k$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{i+1}$$\end{document}$ is embedded into $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{i}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=1, \ldots ,k-1$$\end{document}$, or there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_j$$\end{document}$ in the tuple with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j < i \le k$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_i$$\end{document}$ is embedded into $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_j$$\end{document}$. In a maximal list of embedded cycles $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D=(C_1,C_2, \ldots ,C_k),$$\end{document}$ the cycles are ordered by setting first the most external cycle followed by its internal cycle until arriving to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_k,$$\end{document}$ which is the most internal cycle of the set of embedded cycles. Notice that a maximal list of embedded cycles *D* is also a graph that we denote by *D*.

Given a maximal list $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D=(C_1,C_2, \ldots ,C_k)$$\end{document}$ of embedded cycles, the spanning tree of *D* is called the path of *D* and it is denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_D$$\end{document}$. We consider an orientation on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_D$$\end{document}$; from left to right, or from down to up, according to the drawing of *D*. The first vertex $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_0$$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_D$$\end{document}$ is called the initial vertex of *D*. Meanwhile, the last vertex $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_f$$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_D$$\end{document}$ is called the final vertex of *D*. We will denote as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\alpha _i,\beta _i)$$\end{document}$ to the pair associated to the vertex $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_i \in V(P_D)$$\end{document}$. Given a maximal list of embedded cycles *D*, we present in this section how to compute *i*(*D*).Fig. 2.Computing *i*(*D*) with *D* a maximal list of embedded cycles

### Theorem 2 {#FPar4}

Given a maximal list of embedded cycles *D*, *i*(*D*) is computed in linear-time on the size of *D*.

### Proof {#FPar5}
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This process continues processing all cycle in *D* until the depth-first search arrives to the final vertex $\documentclass[12pt]{minimal}
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We illustrate in the following example, the computation of *i*(*D*) when *D* is a maximal list of embedded cycles.

### Example 3 {#FPar6}

In Fig. [2](#Fig2){ref-type="fig"}(a), we show the input list of embedded cycles *D*. In Fig. [2](#Fig2){ref-type="fig"}(b), as the first cycle of the list is computed, then two computing threads are formed. The path of *D* is visited in linear way, and at the same time, the recurrence ([1](#Equ1){ref-type=""}) is applied on the current pairs of the computing threads, see Fig. [2](#Fig2){ref-type="fig"}(c). Finally, Fig. [2](#Fig2){ref-type="fig"}(d) shows the final process of computing on all active threads giving as a result that $\documentclass[12pt]{minimal}
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Fig. 3.A decomposition of an outerplanar graph $\documentclass[12pt]{minimal}
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All outerplanar graph can be decomposed in a set of maximal list embedded cycles. For this, let us consider as input to $\documentclass[12pt]{minimal}
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The nodes of *T* are maximal list of embedded cycles.Two nodes $\documentclass[12pt]{minimal}
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### Theorem 3 {#FPar7}
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### Proof {#FPar8}

We present as proof a polynomial time algorithm for the computation of $\documentclass[12pt]{minimal}
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Conclusions {#Sec6}
===========

Computing the number of independent sets of a graph *G*, denoted as *i*(*G*), is a classic \#P-complete problem for graphs of degree 3 or higher. We establish that if the depth-first graph of a given graph *G* has no intersected cycles, then the computation of *i*(*G*) is a tractable problem. We have presented a novel algorithm for computing *i*(*G*) for any outerplanar graph *G*.

Our proposal for computing *i*(*G*) do not impose restrictions on the degree of the graph, but rather, it depends on its topological structure. Those previous cases allows to establish a finer border between the classes FP and \#P for the problem of counting independent sets. Furthermore, our proposal can be adapted to consider other counting problems.
